Concepts and techniques
1 Estimate /85
Let y= x=x

dy 1.5 1
dx 2

C2Vx

Let x = 81, then dy _ 1
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Estimate /130

Let y=3%x=x°
dy 1.5 1
dx 3 R

Let x = 125, then ﬂ ! 1 = 1

dx 33/1252 T3x5. 715
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a Estimate /50

N[

1
dy_1.5_ 1
dx 2 2%

Let x =49, then Q:L:i
dx  2./49 14
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b Estimate (‘/@

dx 4

Let y=4x=x'
dy 1.4 1
dx 4 43xe
Letx:81,thenﬂ
oX=4
dy
Oy ~ —=x OX
y dx
1
108
_1
27
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c Estimate /2536

1
2

Let y=+Xx=X
dy 15 1
dx 2 24/x

dy 1 1
Let x = 2500, then — = =
dx 242500 100

ox =36
dy
Oy ~ — X OX
y dx
= iX36
100
=0.36

V2536 z50+0.36=50%:50.36
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Estimate /250

Let y=5%x =x*
dy 15 1
dx 5 5¢x*
Letx:243(:35),thenﬂ: L 14—1
dx 53/243* 5x3* 405
oX =17
dy
Oy & —=—x OX
y dx
1
=——x
405
__
405
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e Estimate 9/%

Let y=5x =x*
dy 1o 1
dx 6 6¢h

Letx:64(:26),thenﬂ: ! _ 15:1
dx 6864° 6x2° 192

oX=6
dy
Oy ~ —x OX
y dx
—LXG
192
_ 1
32

1 .1
§70~2+—=2—
32 732
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2

=(43)5 =4>=16

2
3

64

2
Find an approximation for 673 .

Let y:Q/XT:x%

d_2,5_ 2

dx 3 3¥/x

Letx:64,thenﬂ= 2 = 7 _1
dx 3364 3x4 6

130~ 16 + %: 16%
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5 Find an approximation for 10.06".

Let y=x’
W _ 7y
dx

Let x = 10, then % =7x10°

X
ox =0.06
Syzﬂx&

dx
= 7x10°x0.06
=42x10*

10.06" ~ 10" + 42x10*= 10 420 000
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Find an approximation for 4.05%.

Let y=x"
y_ 4x°
dx

Let x = 4, then % =4(4)’ =256

X
ox = 0.05
dy
Oy ~ — x X
y dx
=256x0.05
=128

4.05°~ (4)' +12.8 =256 + 12.8 = 268.8

(compared to 4.05% = 269.042 006 25 exactly)
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Reasoning and communication

3

7 C(x) = 4000+ 2.1x +0.01x2 and 5000 to 5100 racks per week.

d8C ~ C'(x)xdx where &x =100
3 1
C'(x)= 2'1+EX0'01X2
—2.1+0.015vx
At x = 5000, C'(5000) =2.1+0.015+/5000

8C ~ (2.1+ 0.015\/5ooo)><100
—316.066

The change in the production cost is approximately $316.01.

8 V:%nr3,r:5m,8r:0.lm,8V:?

V. =~ x(5)°
= 21(5)
d_V:4nr2 atr=5m, d—V:lOOn
dr dr
8y ~100mx 0.1
=10x

The percentage error of the calculated volume of the sphere

8V 10

~ —x100% = x100% = 6%
\VJ 4 3
g“(5)
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9 y=2x"-3x" +4x-1

a —2L =6x*-6x+4
dx
b At x =3, ﬂ =40
dx
c dy = ?, as x increases from x = 3 to x = 3.02
ox=0.02atx=3
Syzﬂx&
dx
= 0.02x40
=0.8

10 y = 4x* —3x, find the approximate increase iny as x increases from 2 to 2.03.

ﬂ=12x2—3

dx

At x=2, ﬂ:45
dx

dy=7? asxincreases fromx =2tox=2.03
O0x=0.03atx=2

Syzﬂxéix

dx
=0.03x45

=1.35

© Cengage Learning Australia 2014 ISBN 9780170254663

12



11 V:%an,r:12cm,8r:0.05cm,8V:?

d—V:4nr2 atr=12cm, d—V=576n
dr dr
oV =~ d—VXSI“
dr
=576 x0.05
=90.48 cm?®

12 a V =375 mL =375 cm®
Let x = height

V = (nr?)x
375=1(3)" x
x=13.26 cm

b V=9rxatr=3cm

dv

oV = d—x o0X where small change in height is ox
X

OV = 9nxdX
=28.27 xdXmL
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2
dv. 'y 375
—_— =X —
dy 2 on
dv o .
OV =~ —x0y where small change in diameter is oy
zgnxﬁxﬁy =1256ymL atd =6
2 On
d 8V ~9n x dx mL at dx = 0.1 cm

~9nx0.1mL=2.82mL
d _
e oV zEnxxéSd atdd = 0.2 cm

~125x0.2=25mL

21 4(n)*x2
13 a g-2Zl_ (x) 2= —9.72 misec?
" (%)
20
_ 2
b Eg—zsnz(--zT—3)= 1O atl =2
dT T

2
9 _ ~16(r) whereT = (ﬂj

ot (57)3 20
20

59 —-6.82

ot

For one swing +20

%9 _ -0.34

ot

0g = —0.345t
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c If 8T =40.55, 89 z—0.34><i1§:i0.17m/8

The error in g ~ 0.17m/s%.
14 A=x%,8x=1mm

oA~ %XBX
dx

8A ~ (2x)xdx
= 2(1000) x1 mm?
SA = 2000 mm?
15  P(n) =2000n + 10n? n = 18, 8n = 5% of 80 = 4
a 8P ~ P'(n)x&n where dn =4
P'(n) = 2000+ 20n
P’(18) = 2000 + 20 x 80 = 3600
8P ~ 3600 x 4 = 14 400
b on=8% of 80 =6.4
8P ~ 3600 6.4 = 23 040
c on =10% of 80 =8

5P ~3600x8 =28 800
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V=x3 x=17 cm, x% = 2%, 6V% = ?

16
d_V:?,)(2
dx
Atx =17, d—Vz 867
dx
oV = d—VXSX
dx
=867 x (i xl?)
100
=294.78
Percentage errorinV is 294'378 x100% =6%.
17
17  A=nr
0A = d—AXSr
dr
=(2mr)xar

ExlOO z(z—:r)XSrXIOO

=(2—n£)><6rx100
nr

29" 100
r

But %xlOO =2%

/:ng—rrxloo
or

—x100=1%
r
Therefore the approximate maximum allowable percentage error that may be made in

measuring the radius is 1%.
16
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Concepts and techniques

1 Lety=x" -2 +x*—x-3

Y _ 756 _10x* +4x3 -1
dx

2
d—g' = 42%° — 40x3 +12x2
dx

2 f(x) =x* -5
f7(x) = 9x°
f(x) =72x’

3 fx) =2 -x3+1
f(x) = 10x* — 3x*
f(x) = 40x° — 6x

4 y=x -2 +4x*-7

dy _ 7x8 —10x* +16x%°
dx

2
d_g/ = 42x° — 40x° + 48x?
dx

5 y =5 cos (2x)

ﬂz—lOsin(Zx)
dx

d2y
——=-20cos(2x
v (2x)

© Cengage Learning Australia 2014 ISBN 9780170254663

17



*Unsaved —

Define Ax)=2- x%-3- x+3

Define ﬂ(x)=i(}‘(x))

\Define 7200)=-<-(17(x)

72(x)

# Edit Action Interactive

%i%l@jb ﬂﬁ] Simp | 1w | AL [ v

Define f(x)=2+x2-3-x+3
done
Define f1(x)=-(f(x))
dx
done
Define £2(x)=-(f1(x))
dx
done
f2(x)
4
a
Alg Decimal Real Deg i

a y=2x*—3x+3

ﬂ:4x—3
dx

2
d Z:A'
dx
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*Unsaved —

Define 77 (x)=i(f(x))

Define 1260)--<-(77(¢)
72(x)

£ Edit Action Interactive
Eilde fﬁ:l Simp |1y | w | | v

Define f()()=)(_4
done
Define f1(x)=3-(f(x))
dx
done
Define £2(x)=-1(f1(x))
dx
done
f2(x)
20
XG
0
Alg Decimal Real Deg | m
y=x"*
d .
& _axs
dx
d? -
Y _20x°¢
dx

Done
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7 f()=3t"-26 +5t—4
f(t) =122 —6t* +5
f(x) = 36t* — 12t
f(1) =11

f(-2) = 168

© Cengage Learning Australia 2014

ISBN 9780170254663

20



*Unsaved <

Deﬁne]{x)=x4—x3+2-x2—5-x—1 Done
D
Define f7 (x)=i(ffx)) one
dx
. d Done
Define ﬂ(x)=—(ﬂ (x))
dx
#1(-1) -16
r2(2 40
# Edit Action Interactive
B3| b | sime [T | v [ - ¥
Define f(x)=x"4—x"3+2xx"2-H
done
Define £1 (=" (f(x))
dx
done
Define £2()=-3(f1(x))
dx
done
f1(-1)
-16
f2(2)
40
0
Alg Decimal Real Deg | @

f(x) =x* —x*+2x* = 5x — 1
f(x) = 4x* - 3x* +4x — 5
f1x) = 12x* — 6x + 4

f(-1) = -16

£1(2) = 40

© Cengage Learning Australia 2014 ISBN 9780170254663
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9 g(x)=+x

/ - 1 2
9’(x) > X
" _l _g _ -1
= e
-1 1
"(4)= __ =

10 h=5t2-2t°+t+5

%:15t2—4t+ 1

2
L
dt

Att=1

2
oy
dt

11 f(X)= V2—x

-1
242 —X

00 =2(2-%) (1) =

/ — 1 *g _ 2__
f(x)——Z(Z—x) (~1)? = T
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X+5

12 f(x)=

3x-1
£1(x) = 1><(3x—1)—32(x+5) __ -l6 2
(3x-1) (3x-1)
96

f"(x) = -16(-2)(3x—1) *x3=

3

(3x-1)

13 v=(t+3)2t- 1)

% =1x (2t —l)2 +2(2t-1)x Z(t + 3)
= (2t-1)(2t-1+4t+12)
= (2t-1)(6t+11)

2
% = 2(6t +11) + 6(2t -1)

=24t +16

Reasoning and communication

14 y=3x*—2x*+5x

ﬂ=9x2—4x+ 5

dx
2
3¥:18x—4
X
d’y 7
If > =3,then3=18x-4=>x= —
X 18
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15 f) =2 -x*+x+9
f'(x) =6x*—2x+1

f"(x)=12x-2
f(x) > 0 for x > 1
6
16 y=[4sin(x)-2]°
%:5[4 sin(x)—2]*[ 4 cos(x)]= 20 cos(x)[4 sin(x)—2]*

%— —20 sin(x)[4 sin(x)—2]*+80 cos(x)[4 sin(x)—2]3[4cos(x)]

=320cos” (x)[4 sin(x)—2]° —20sin(x)[4 sin(x)-2]*

17 f(x)=2sin j 3 cos? (x) +1

X . B X . _ X .
f'(x)=2x= COS(E) 6cos(x)[—sm(x)] —cos[z)+6sm(x)cos(x)_cos(2j+35|n(2x)

f”(x):%{—sin(

=—lsin (fj +6.c0s(2x)
2 2

}+6cos(x) cos (x) —65sin (x)sin (x) = —%sin(g} 6.cos®(x) —6sin?(x)

N | <
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18 y=bxX*-2+5x+4

ﬂ:3bx2—4x+ 5

dx
d’y
> =6bx—-4
X
2
‘; Y = _2whenx= 1,50 3b—4=—2:>3b=2:>b=§
X

19  f(x) = 5bx% — 4x°
f7(x) = 10bx —12x*
f7(x) = 10b — 24x
f{-1) = -3, s0 -3 = 10b — 24(-1)
10b = -27
b=-27

20 x=t-7t+4

Att=3,v=20m/sand a= 18 m/s?
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21 x()=t-6t2+8t+5
v(t) =32 — 12t + 8
a(t)=6t-12
a v (2)=-4m/s
b v(4) =8 mls
c a(2) = 0 m/s°
d a(5) = 18 m/s?

22 dt) =7 -2 +3t+3
v(t) = 14t — 6% + 3
a(t) =14 — 12t
a v(1) =11 m/s
b v(3) =-9 m/s
c a(1) =2 m/s
d a(3) = —22 m/s*

23 x=t+6t°-2t+1m

a v=3t2+12t-2

a=6t+12
b X5 =266 m
c Vs =133 m/s

d as = 42 m/s?
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24 s=ut+ igt
a v=u+gt
l.e.v=2-10t m/s

b V10 = -98 m/s

c Usingv=u+gt,a=-10=g

2t-5
3t+1

25 s=

_2(3t+1)-3(2t-5)
o (3t+1)

17
(3t+1)°
a=-2x17(3t+1) " x3
102
(3t+1)
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Concepts and techniques

1 y=xX+x*-2x-1

ﬂ:3x2+2x—2
dx

2

Y _6x +2
dx

d’y

XZ

Concave upwards for >0,ie. 6x+2>0 = x> —%

2 y:(x—3)3

Concave downwards for (;—Z <0,ie 6(x-3)<0 =>x<3
X

3 y =8-6x—4x°

ﬂ:—6—8x
dx
d’y

XZ

=-8<0 for all values of x

Therefore y = 8 — 6x — 4x® is always concave downwards.
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4 y=x°

Q:ZX
dx

d’y
dx?

=2>0 for all values of x

Therefore y = x? is always concave upwards.
5 f(x)=x"-7x*+1

f'(x)=3x"—14x
f"(x)=6x-14

d’y

Concave downwards for >
X

<0, i.e 6x-14<0 :>x<%

6 f(x)=x"+2x°-12x* +12x -1

f'(x)=4x>+6x" - 24x+12
f(x) =12x* +12x - 24

2 3 D1 1 2 3x
Concave downwards for 9 <0 é\//

X2

ie. 12x*+12x—24<0
ie. xX2+x-2<0
(x+2)(x-1) <0

ie. -2<x<1

© Cengage Learning Australia 2014 ISBN 9780170254663
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y=X

W _ ey
dx

2
9 _ 305
dx

2
Points of inflection occur where 3—2 =0 and it changes sign.
X

It does not change sign, so there is no point of inflection.

y=X
dy _ 7x°
dx

2
0 _ 4oy
dx

. . . d?y : .
Points of inflection occur where —=-=0 and it changes sign.
X

Yes, at (0, 0).
y=x
W5y
dx

2
9 _0x
dx

2

Points of inflection occur where 3—2 =0 and it changes sign.
X

Yes, at (0, 0).

© Cengage Learning Australia 2014 ISBN 9780170254663
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d y =X

B _ gy
dx

2
d—Z=72x7
dx

2

Points of inflection occur where 3—2 =0 and it changes sign.
X

Yes, at (0, 0).
e y=X

dy _ 12xM
dx

d?y
dx?

=132x"

d’y

Points of inflection occur where —=-=
X

It does not change sign, so there is no point of inflection.

2
8 Points of inflection occur where (; Z/ =0 and it changes sign.
X

g(x)=x>=3x*+2x+9.

9'(x)=3x"-6x+2
g"(x)=6x-6

Point of inflection at (1, 9).

© Cengage Learning Australia 2014 ISBN 9780170254663
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2
9 Points of inflection occur where ay =0 and it changes sign.

dx?

Given y= x* —6x% +12x - 24

Y _ 43 105112

dx
d?y 2 2
—2:12x -12=12(x“ -1)
dx

2
d—g’zo atx=1orx=-1
dx

Points of inflection are (1, —17), and (-1, —41) (2nd derivative changes sign at both)

10

*Unsaved <

x\dx

Definej?&):di(i %))) Done
solve (f7(x)=0, x) =2

2(1.9) 0.12

Define f(x)=x*-8 x3+24 x2-4-x-9 Dome l

2(2.1) 0.12

[«

© Cengage Learning Australia 2014 ISBN 9780170254663



£+ Edit Action Interactive
183 | & |10 simo [ S | 14

¥
Define f(x)=x2-8-x3+24-x2->

done
. _dfd
Define f2(x)—dx[dx(f(x))]
done
solve(f2 (x)=0, x)
{x=2}%
f2¢1.9)
0.12
f2¢2.1)
0.12
0
alg Decimal Real Deg | m
d2y
Points of inflection occur where d_2 =0.
X

Given y=x*-8x>+24x*-4x-9

ﬂ=4x3 —24x% +48x -4
dx

dzy 2 2
dX2=12X —48x+48=12(x-2)

2

d’y

Possibly a point of inflection at x = 2, but at x = 2" and at x = 2" the value of ™
X

remains positive, so concavity does not change.

Therefore there is no point of inflection.
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11

*Unsaved —

f2(-1.1
Definef(x)=3- x2-10" x> 47 Done (-1.1)
72(-0.5)
d|d Done
Defineﬁ(r)=z(z (}‘(X))] #2(0.5)
S°1V9(77(X)=0.X) x=-1orx=0orx=1 r2(1.5)

£ Edit Action Interactive

F1l e }gﬁ:l Sirnp | 155 | v | - | v

—

Define f(x)=3-x—-10-x3+7
done

. _d{d
Define fZ(X)_dX[dX (f(x)) ]
done

solve (f2(x)=0, x)
{x=-1,x=0,x=1}

f2(-1.1)

-13.86
f2(-.5)

22.5
f2(0.5)

-22.5
f2(1.5)

112.5
.
Alg Decimal Real Deg | (m

Points of inflection occur where f"(x) =0

Given f(x)= 3x° —10x3 + 7
f(x) =15x* — 302

f'(x)= 60> — 60X = 60x(x2 -1)
f'"(x)=0atx=0, +1

Points of inflection are (0,7),(1,0) and (-1,14) (2nd derivative changes sign at all three)
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Reasoning and communication

12
y
RNV ERL
Other answers are possible.
13
y
<ttt
3 -2 -1 / 1 2 3X

Other answers are possible.
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14

15

%>Oforallx¢0
X

f”(x)>0 for x=0

So concave up for x #0

y=x*+12x*—20x + 3

ﬂ:4x3+24x—20

dx
2

‘3 Y _12x% +24
X

12x*>0

12x* +24>0
d’y

Wfﬁo

Therefore the function has no points of inflection.

2

2’ >0 therefore thecurve is concave upwards.
X

© Cengage Learning Australia 2014 ISBN 9780170254663
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16 y=axX’-12x¥+3x-5

Q:Saxz —24%x+3

dx

2

d ¥:6ax—24

dx
2

put 4Y —0atx=2
X

= 6ax2-24=0

a=2

17 f(x) = x* - 6px? - 20x + 11

f'(x)=4x>-12px—-20
f"(x) =12x*-12p

but f"(x)=0atx=-2
=12x*-12p=0atx =—-2
48=12p

p=4

18 y=2ax* +4bx* - 72 + 4x -3

dy _ 8ax® +12bx? —144x + 4
dx
2

A% _ o4ax® + 24bx - 144

XZ

but d;zl:Oatx:Z and x =-1
24ax® +24bx -144=0
Atx=2: 96a+48b-144=0 =2a+b-3=0
Atx=-1. 24a-24b-144=0 = a-b-6=0
b=3-2a = a-3+2a-6=0

a=3, b=-3
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Concepts and techniques

1 y=x"-2x+1

ﬂ:ZX—Z
dx
d’y

dx?

Turning point at %=O i.e.atx =1
X

d?y
dx?
Therefore the functionis concave up, so (1, 0) is a local minimum turning point.

>0

2 y=3x"+1
dy =12x°
dx
2
9% _ 361
dx
. . dy . . _
Turning point at ™ =0 I.e. stationary at x =0
X

d’y . . . .

o 0 = stationary point of inflection
X -1 0 1
d?y 36 0 36
dx?

Concavity does not change, so concave up for all values of x except the turning point.

Minimum value at (0, 1).
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3 y=3x*—12x+7

ﬂ =6x-12
dx

d’y
dx?

dy

Turning point at d—:O ie.atx =2
X

d’y

™ >0

Therefore the function is concave up, so (2, -5) is a local minimum turning point.

4 y=Xx-x

ﬂzl—Zx
dx
d’y

v

dy

Turning pointat —=0 i.e. atx -1
dx 2

d?y

™ <0

Therefore f (x) is concave down, so (% %) is a local maximum turning point.
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5 f(x)=2x-5

f'(x) = 6%

f"(x) =12x

Turning point at f'(x) =0 i.e. stationary at x =0
f"(0) = 0 = stationary point of inflection.

X -1 0 1

7(x) 12 0 12

Concave down for x < 0 and concave up for x > 0.

Horizontal point of inflection at (0, -5).
6 f(x)=3x"+8

f’(x) =15x*

f"(x) =60x°

Turning point at f'(x) =0 i.e. stationary at x =0
f"(0) = 0 = horizontal point of inflection.

X -1 0 1

(%) -60 0 60

Concave down for x < 0 and concave up for x >0

Yes. Horizontal point of inflection at (0, 8).

© Cengage Learning Australia 2014 ISBN 9780170254663
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7 f (x) = 2x* + 15x° + 36x — 50

f'(x) = 6x* +30x+36
f"(x)=12x +30

Turning point at f'(x) =0

i.e. 6x°+30x+36=0

X’ +5x+6=0
(x+2)(x+3)=0

Stationary points at x =-2, -3

At x=-2, f"(-2)=-24+30>0 sominimum turning point at (-2, -78).
At x=-3, f"(-3) =-36+30 < 0 somaximum turning point at (-3,-77).

8 y=3x' -4 —12¢ + 1

dy =12x3 —12x? — 24x
dx

2
9% _36x2 - 24x- 24
X

Turning point at Yy =0
dx

i.e. 12x* —12x* —24x =0
12x(x* -x—-2)=0
X(x-2)(x+1)=0

Stationary points at x =0, 2, -1

2
At x =0, % =—24 <0 somaximum turning point at (0, 1).
X

2
At x=2, % =72 >0 sominimum turning point at (2,-31).
X

2

d°y

At x=-1, —
dx

=36 > 0 sominimum turning point at (-1, -4).

© Cengage Learning Australia 2014 ISBN 9780170254663

41



*nsaved —

4 D
Define ]{x)=(4' X 2- 1) -
Define /7(x)=-2-(Ax)) rore
dax
Define ﬂ(x)= X (ﬂ (x) ) nore
dx
solve(ﬂ («Y) =0,x) x=——1 or x=0or x=i
f?(O) =2
#2(-0.5) 0.
72(0.5) o

£+ Edit Action Interactive
Ces] o [afsme] o [ 4T

q
Define f(x)=(4-x2—1)

done
Define f1(x)=-L(f(x))
dx
done
Define f2(x)=-<(f1(x))
dx
done

solve(f1 (x)=0, x)
{x=0,x=-0.5,x=0.5}

f2¢0)

-32
f2(-0.5)|

0
f2(0.5)

0
Alg Decimal Real Deg | (@
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y= (4x2 —1)4

OI—y—4(4x2 —1)3><8x

dx
= 32x(4x2 —1)3
‘;ng’: 32(4x2 _1)3 +3(4x2 —1)2 «8Xx 32X
= ?,2(4x2 —1)2 (4x2 -1+ 24x2)

- 32(4x2 —1)2 (28x2 —1)

Turning point at dy =0
dx

ie. 32x(4x2 —1)3 -0

x=0 or 4x2:1

1
X=+=
2
d2y 2 . . .
At x=0, d—2:32(—1) (1) <0, so maximum turning point at (0,1).
X
1 d? 2 1)
At x=+=, —y:32(1—1) 28(i—j —-1|=0 stationary point of inflection.
2 d)(2 2
X -1 _1 B 1 1 1 1
2 4 | 4 2
) | + 0 + + 0 +
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Concave up at x = 0.5 and at x =—0.5 so minimum turning points at (0.5, 0)

and at (-0.5, 0)

_,—o—'_'_'“h'
I
e

=
B

[

10

*Unsaved <

Define Ax)=2- x>-27- x2+120- x Done

Define f7 (x)= i(}‘(:u:)) Done
dx

Define 72(d =" (7)) Done
dx

solve(ﬂ (x)=0,x) x=4orx=5

#2(4) -6

72(5) 6
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£+ Edit Action Interactive

Fealee Jealm [ TO T

Define f(x)=2-x5-27+x2+120+x
done
Define f1(x)=-3(f(x))
dx
done
Define £2(x)=-(f1(x))
dx
done
solve (f1(x)=0, x)
{x=4,x=5}
f2(4)
-6
f2(5)
§]
0
Alg Decimal Real Deg | (m

y =2x° - 27x* +120x

ﬂ =6x*—54x+120
dx

2
dY _ 1554

XZ

Turning point at Yy =0
dx

6x° —54x+120=0
x> —9x+20=0
(x—=4)(x-5)=0
X=4o0r x=5
2
At x=4, d’y =16 -54 <0, so maximum turning point at (4, 176).

X2

2
At x=5, %:60—54>0 S0 minimum turning point at (5, 175).
X
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11

*Unsaved —

Define j(r)=(x—3)' \I 4-x Done
Define f7 (x)=i(}{v)) Done
dx
Define £200)=--(71(x)) pone
dx
*Unsaved =
dx
solve&] (x)= 0,x) _ E
3
11 33
arf?] B
K 2
-3-2 -2.59808
;/_ » Decimal

& Edit Action Interactive
[uﬂ%l&jb |fg§:| Simp]fixy v I—'yl;»'— v[

Define f({x)=({x—-3)xv4-x

done
Define £1(x)=-L (f(x))
dx
done
Define £2(x)=-L (£1(x))
dx
done

solve (f1 (x)=0, x)
{x=3. 666666667}
f2(3.66666)
-2.598024251

Alg Decimal Real Rad | m
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y=(x—3)\/m

vy 1«/ﬂ+%(4—x); (-1)(x-3)

dx:
_2(4-x)-(x-3)
- 244X
_11-3x
24— X
1
gy 1| -3V —;(4—x)'2(—1)(11—3x)
o 2 4-X

1 [ (11-3X)
_2(4—x){ V4 X+2\/4—x}

Turning point at L =0
dx

11
X==
3
11 d%y : . .
At x=—", G =+(—) <0, so maximum turning point at (3.67, 0.38).
X
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12

*Unsaved <=

[~
Deﬁnejﬁd=x4+8-x3+16-x2—1 S
Define 77 (x =i(}‘(x)) Done
dx
Define 72(x)="2(r1(x)) Done
dx
solve(ﬂ (x)=0,x) x=-4 orx=-2 orx=0
72(-4) 32
72(-2) -16
72(0) 32

# Edit Action Interactive
(84 b [1asime| 10 [ o [0 |+ ]]

Define f(x)=x3+8:x3+16.x2-1

done
Define f1(x)=" (f(x))
dx
done
Define £2(x)=-(f1(x))
dx
done

solve(f1 (x)=0, x)
{x=-4,x=-2,x=0}

f2(-4)

32
f2(-2)

-16
f2(0)

32
Alg Decimal Real Deg | im
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y=x"+8x>+16x* -1

Y _ 43¢ 1+ 2452 4 32x

dx

2
%zlzx2 +48X+32 = 4(3x° +12X+8)
X

Turning point at
dx

Y _g

4x% +24x% +32x =0
4x(x2 +6x+8):0
4x(x+2)(x+4)=0
x=0o0r x=-20r x=-4

2
At x=0, d 2/:

X

2
At x=-2, 9

dx

2
At x=-4,

dx?

32 >0, so minimum turning point at (0, -1).

= 4(12—24+8) <0 so maximum turning point at (-2, 15).

Y _ 4(8) >0, so minimum turning point at (-4, -1).
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Reasoning and communication

13  a yzax’—4x+1

ﬂ:Zax—4
dx

2
dx

Turning point at dy =0
dx

2ax—4=0 atx= -3
—6a=4
2

a=-—
3

_ . d?y 2 . . .
b At x = -3, F:Z 3 <0, so maximum turning point.
X

14 y=x*-md+8x-7

Y 3% _omx+8
dx
2
d—2y=6x—2m
dx

Turning point at L =0
dx

3x2—2mx+8=0 atx= -1

3+2m+8=0
11
m=-—
2
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15  y=a+bx¥-x+5
ﬂ:Baxz +2bx -1

dx

2

d’y =6ax+2b

XZ

2

Point of inflection at ((jj Y _0 and at 1,-2)

X2

6ax+2b=0 atx=1 =6a+2b=0 —=Db=-3a
Substitute (1,—2) in y=ax’ +bx*—x+5
—2=a+b-1+5
a+b=-6 =>a-3a=-6

a=3 b=-9
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Concepts and techniques

1 a
yA
.._\_‘_\_"‘-\‘
N\ x
b
7 A
/ x
C

=y
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b
=y

2

2 a ﬂ>0 and d ¥>O
dx dx
2

b —y<0 and d Z/<O
dx dx
2

c ﬂ>0 and d ¥<O
dx dx
2

d —y<0 and (;Z/>O
X X
2

e ﬂ>0 and d ¥>O
dx dx
2

3 a ﬂ>0 and d ¥<O
dx dx

b The rate is decreasing.
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Ik

t
Inflation is increasing, but the rate of increase is slowing.

Reasoning and communication

5
S
t
The size of classes at a local TAFE college is decreasing and the rate at which this is
happening is decreasing.
6

~¥

As an iceblock melts, the rate at which it melts increases.
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7 The graph shows the decay of a radioactive substance.

M
A

dM d’M : , ,
P 0 and rERES 0. The mass is decreasing but at a decreasing rate.

8 a The number of fish was decreasing.
b The rate of change of the fish population is increasing.

2500 \
H'\-\_

~¥

9 The level of education of youths in a certain rural area over the past 100 years is

increasing at a decreasing rate.

E
A
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10 The number of students in a high school is decreasing at a decreasing rate.

P
A

T

= f
11 f()=x*-3x-4
f'(x)=2x-3
f'(x)=2
Turning point at f'(x) =0
X =15

At x=15, f"(1.5)=2>0 sominimumturning point at (1.5,—6.25).
y intercept: f(0)= -4
x intercepts: 0=x*-3x-4
0=(x—-4)(x+1)
(4,0),(-1,0)
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12 y=6-2x-%

ﬂ:—Z—Zx
dx
2
d_zy:_z
dx
: . dy
Turning pointat —=0
dx
x=-1
d2y
At x=-1, d_2: —2 <0 somaximum turning point at (-1,7).
X

y intercept: f(0) =6
X intercepts: 0=6-2x-— x?
(-3.6,0), (1.6,0)

94
(_1) 7)

Ry

| | T
-5 -4 -3 -2 -1 1 3
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13 y=(x-1)°

Y _gx-1)2
dx

dzy
—=6(x-1)
dx?

Turning point at %:O ie. at x =1.
X

d’y
dx?

At x =1, changes from negative to positive,

the concavity changes so there is a point of inflection at (1, 0).

yA
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14

y=x"+3

d_y —4x3
dx
2
d—;/ =12x°
dx
. . dy .
Turning pointat —=0 i.e. at x =0.
dx
d 2y
At x=0, d_2 =0 so possibly a stationary point of inflection.
X
X -1 0 1
f"(x) + 0 +

Minimum turning point at (0, 3).

A },5_1 f
4- j
2
1
. 0 . -
-1 0 1 x
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15 y=x

@ _ 5x*
dx

2
9y 20
dx

Possible turning point at %:o i.e. at x =0.
X

2
At x=0, d_g/ =0 so possibly a stationary point of inflection.

dx
X -1 0 1
2
M —_ 0 +
dx?

Concave down for x < 0 and concave up for x > 0.

Stationary point of inflection at (0, 0).
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16 f)=x

f/(x)=7x®

f7(x) = 42x°

Possible turning point at f'(x) =0 i.e. at x =0.

At x=0, f"(x)=0 so possibly a stationary point of inflection.

X -1 0 1

(%) - 0 -

Concave down for x < 0 and concave up for x > 0.

Stationary point of inflection at (0, 0).

v 1
24 |
1—/
T T T T T T =
-3 -2 - 1 2 3 X
."_1_
[-21
r
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17 y=2x*-9x* - 24x + 30

dy _ 6x° —18x —24
dx

d’y

2 =

12x-18
X

Turning point at dy =0.
dx

i.e. at 6x°> —18x—24=0

x?—3x—4=0
(x—4)(x+1)=0
x=4or x=-1

2
At x=4, " Z/ >0 so minimum turning point at (4, —82).
X

2
At x=-1, ; Z < 0 so maximum turning point at (-1, 43).
X

2

Point of inflection at d’y =0 i.e. at (1.5, -19.5).

XZ

T T T T T T -
-4 —3;’ -2 -1 N 2 3 4 5 *
r \

204\ f

\\ /

| \ I,."

\ /

\ /

—40 \ /
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18 a y=x3+6x2-7

dy =3x? +12x
dx

Turning points at Yy =0
dx

ie. at 3x*+12x=0
3X(x+4)=0

x=0or x=—4

Turning points (0,-7), (-4, 25)

2

b 9V 6y
dx

2
Point of inflection at 3 Y_0ie at (-2,9).

XZ

¥
30
25
N 20 -

\ s

(2,98 107

Y54 /
A i

Inlll T T T | I ol
_6_5_4_3_2_\1\ Yy 2 3 4 X
Sq

r 4

-10 +
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19

y=x-6x*+3

dy =3x? —12x
dx

Turning points at vy =0
dx

ie. at 3x*-12x=0
3x(x=4)=0

x=0or x=4

Turning points (0, 3), (4,-29)

d’y

™ =6x-12
X

2

Point of inflection at (; y =0 i.e. at(2,-13).

XZ
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20 y=2+9%-3¢-x

ﬂ:9—6x—3x2
dx
2
Y _ 6_6x
dx
dy

Turning pointat —=0
dx

i.e. at 9-6x—3x’=0
_3(x2+2x—3)=0
(x-1)(x+3)=0

Xx=1lor x=-3
2

At x=1, 3 y < 0 so maximum turning point at (1,7).

X2

2

At x=-3, dy > 0 so minimum turning point at (—3,—25).

X2
2

Point of inflection at d’y

XZ

0ie.at(-1,-9).
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21 f)=3x*+4x-12¢%-1

f/(x) =12x3 +12x2 — 24x

f'(x)= 36X2 + 24x — 24

Turning pointat f'(x) =0

i.e. at 12x° +12x% - 24x= 0

12x(x2+x—2):0

X(x-=1)(x+2)=0

x=0or x=1or x=-2

At x=0, f"(x)<0 so maximum turning point at (0,—1).
At x=1, f"(x) >0 so minimum turning point at (1,—6).
At x=-2, f"(x)>0 so minimum turning point at (-2, —33).
Point of inflection at f "(x) =0 i.e. at (-1, —14).

© Cengage Learning Australia 2014 ISBN 9780170254663



22 y=(X=4)(x+2)?

" =(X+2)(Xx+2+2x-8)

=(x+2)(3x—6)
d’y
x2
= 06X

1(3x—6)+3(x+2)

Turning point at dy =0
dx
i.e. at(x+2)(3x-6)=0

X=—20r x=2
2

d’y

%X 1(x+2)" +2(x+2)(x—4)

At x=-2, F< 0 so maximum turning point at (-2, 0).
X

2

At x=2, % >0 so minimum turning point at (2, —32).
X

2

Point of inflection at 3—2=0 i.e. at (0, —16).
X

b}
10

T A= T
-3 .." -2 . | |
240 4

4

20 -
=30

© Cengage Learning Australia 2014

ISBN 9780170254663



y=(2x+1)(x-2)*

%zz(x—z)“ +4(x—2)* (2x+1)

=(x-2)°(2x-4+8x+4)
=(x—2)*(10x)
=10x(x-2)°

d’y

XZ
=10(x—2)* (x—2+3x)
=10(x—2)*(4x-2)
=20(x—2)*(2x-1)

Turning point at Yy =0
dx

10(x—2)° +3(x—2)"10x

i.e. at 20(x—2)*(2x-1)=0
X=2 or le
2
Turning points at (2, 0) and (0.5, 10.125).
d?y

At x=2, ™ = 0 so possible stationary point of inflection at (2, 0).
X

2
At X :%, C; 32/ =0 so possible stationary point of inflection at (0.5,10.125).
X
X 1 2 3
2
‘; . + 0 +
X

Concave up for x < 2 and concave up for x > 2. Turning point at (2, 0).

© Cengage Learning Australia 2014 ISBN 9780170254663

68



Concave down for x < 0.5 and concave up for x > 0.5. Point of inflection at (0.5, 0.125).

y-intercept (0, 16)

YA
20
1]“'— A 10
[ 54
f
| -
T T I } T T T I
-2 -1 | 1 2 X
-5
f
Y
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Concepts and techniques

1 Let a and b be the two numbers.
ab =27
Let S=3a+4b
)

. S=3a+4 a
S=3a+%

a

2
Minimum S when OI—S:O andd—§>0
da da
ds _, 108
da a
d?3s 108
2 o=
da® d?
d's_216
da® d?®
Atd—S:O, 3—£=0
da a

a’ =36

a>0so a=6
Check for minimum

d?s 216 ..
2 :?>0 SO minimum
a=6,b="

ab=27= b=45

The two numbers are 6 and 4.5.
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Let x and y be the two numbers. x +y =25

Let P be the product. P = xy. Want maximum P.

P=x(25-%)
2
Maximum P when d—on and d Ij <0
dx dx
d—P:(25—x)+(—1)x:25—2x
dx
2
d I:Z_Z
dx
Atd—P=O, x=125
dx
2
d I:):—2<0 SO maximum
dx
X =125y =?

X+y=25=y=125

The two numbers are 12.5 and 12.5.
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3

Let x and y be the two numbers. x —y =40

Let P be the product. P = xy. Want minimum P.

P = x(x — 40) = x*— 40x

Minimum P when d—P:O and

dx

d—P:2x—40
X
dzP_
dx?
At d—F):O, X =20
dx

2

d’pP
dx?
X =20,y =?

X -y=40= y=-20

=2>0 so minimum

d’P

<0

XZ

The two numbers are 20 and —20.
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4 Let x and y be the two numbers. x +y =32
Let S be the sum of the squares. S = x?+y% Want minimum S.

S =x*+ (32 —x)* = 2x*- 64x + 1024

2
Minimum S when d_S=O andd—S<O
dx dx2

d—S:4x—64

dx

2
d_§=4

dx
Atd—S:O, Xx=16
dx

d?s - _
—2:4>0 SO minimum at x = 16
dx
x =16, y =?

X+y=32=y=16

The two numbers are both 16.
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5 Let the distance of the point from the origin be d.

d=x"+y* buty=7-x

x2+(7—x)2
=~/2x* —14x+49
2
Minimum d when %—0 andoI d <0
dx dx?
dd 1 1
—(2x? -14x+49) 2 (4x-14
o 5l ) 2 (4x-14)

2X—7

J2x*—14x+49
1
q2q  2V2xi-ldx+4 —;(sz ~14x+49) 2 (2x-7)

dx? 2x2 —14x+49
= x| 2\/2x*-14x+4 ——(2x ~14x+49) 2 (2x—7)
2x —14x+49
1 4(2x2—14x+49)—(2x—7)
= X
2x° -14x+49 | 22x* -14x+49
~ 1 | 8x*—~58x+203)
2x* —14x+49 | 2\/2x2 —14x+ 49
At?j—d:O, x=35
X

d’d -
At x=3.5, F>O SO minimum
X

Xx=35Yy="?
y=7-x=y=35

P(3.5, 3.5)
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6 d2=(x—4)*+(y—0)>but y=~/x
d2=x*-8x+16+x

d2=x>-7x+16

d=+x*-7x+16
2
Minimum d when E—O andd d <0
dx dx?
dd 1
™ 2(x —7x+16) (2x—7)
o 2x=T
X2 —T7x+16

1
d42d 2x2 —7x+16 —;(x2 —7x +16)7 (2x=7)(2x-7)

dx? X2 —7x+16

=7 —7x+16 {lex —7x+1 ——(x —7x+16) (2x—7)2}
1 [4(x2—7x+16)—(2x—7)2]

X2 -Tx+16 24/x2 —7x+16
1 | 4x" - 28x+ 64— (4x* - 28+ 49)
= X
X" ~7x+16 23/x2 —7x+16
X =Tx+16 | 2,/x2 —7x+16
A% _o x-35
dx
dd .
At x=3.5, —->0 so minimum
x=35y=?
y:ﬁ = y=435
(3.5, +/3.5)
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Reasoning and communication

! 1:(X):x2+3

Slope, s, is f'(x)

s(x) = —6(x* +3) ?2x = -12x(x* +3)*
Maximum s when s'(x) =0 and s"(x) <0
Minimum s when s'(x) =0 and s"(x)>0

$'(X) = —12[ 1x (x* +3) ? +(-2)(x* +3) *(2x)x |

——12[( +3) ][(x +3) -4 }
=—12[ (x*+3)° |(3-3x’)

=36[ (x*+3)° |(x* -1)

36(x* -1)

(x> +3)°

2x(x* +3)° -3(x* +3)2x (X 1)}

s'(x) =

s"(x) :36[ 13y

72x(x* +3)° 1, )
- [x +3-3(x —1)}

12X
T (x2+3)°
_ —144x(x* -3)
(X2 +3)°

(—2x2 +6)

(x*-1) .
s'(x) =0 when———= i.e.at x=+1
(x*+3)

At x=-1, s"(-1) <0 so maximum gradient s(—1) =

Mlw

At x=1, s"(1) >0 so minimum gradient s(1) = —% at (1, 1.5).
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a The maximum slope is %at (-1, 1.5).

=2+
4

At(-1,15), >=-34¢
2 4

9
C=—

4

3..9

4 4
4y =3x+9

b The minimum slope is —%at (1, 1.5).

y=-=-+c

At(1,15), o= -3¢
2 4

8 Total weight W(n) = n x w(n)=n(600-30n) . Maximum W(n) =?

W(n) =600n—-30n°

Maximum W (n)when W'(n) =0and W”(n) <0.
W'(n) = 600—60n

W (n) = 60

When W'(n)=0, n=10

W " (10) < 0 so maximum.

n =10 leads to the maximum total production of weight in the fish.
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Initial position C1

12 km per hour
32
18 km per hour

C1

After t hours
12t
6
d
32 — 12t
"-'.D

C2 45

18t
32 — 18t

Initially the two catamarans are 6 kms apart, making an isosceles triangle with
side 3v/2 north-south.
d?=(3v2 - 12t)* + (342 - 18ty

=18 - 724/2 t +1441* + 18 - 108~/2 t + 324t

=36 - 180+/2t + 468t>

d =+/36 — 1804/2t +468t2
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2
Minimum distance apart when % =0 and % >0

%:%(36 — 18042t +468t2)_; x(- 18042 +936t)

—90+/2 + 468t
\/(36 ~ 1802t +468t?

At%:o, —90v/2 +468t=0 = t=0.27 (only)

Using the sign test

t 0 0.27 1

(1) - 0 +

Therefore minimum at t= 2.7

d =+/36 — 180+/2t +468t2

Minimum distance apart is 1.18 km.
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10

Time for trip :9
v

Fuelused F =q d
v

2
=8+V—9
50 )v
_8d vd
v 50

v = ? for minimum F

F= %-FE where d is a constant (the distance travelled)

Vv
dF 8d d
_:__+_
dv vZ 50
2
d '2::¥>0 forv>0
dv v
2
Minimum v when d—on and d '2: >0
dv dv
Atd—':=0,g=i = v2 =400
dv \Y; 50
v=20

The speed of the boat for which the amount of fuel used for any given journey is least

is 20 km/hr.
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11 Using similar triangles, we have d = x+3

64+ x> x

(x+3)64+x7
= d=
x

d*d

Minimum d when ﬁ:o and 5

>0

2
_CHINOIE gy eat o
X

BE o

3 1 - y
=-= 64+ x> +§(64+x2) 2 (2x)(143x7")
3\/7,_ 1
== 64+ ————

x* J64+x

3\/72 x+3
=—V6A+x + ——
x V64 +x*

__—3(64+x2)+x2(x+3)]
| xzm

(¥ -192
) \xlm]

(x)A+3x™)

Ifﬁzﬂ, x=5.77
dx

© Cengage Learning Australia 2014 ISBN 9780170254663

81



Use the sign test

X 0 5.77 6

(%) - 0 +

Therefore minimum at x = 5.77,d =?

 (x+3)V64+ X
X

d ~ 14.99

The shortest ladder is about 15 metres.
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12

13

Let Ppoyr = 250 000 + V2

I:)distance between stations = (250 000 + V3) xt

Py = (250 000 + v®) x d
Vv

b, (250 000 +V2Jd
Vv

dP

To minimise power P, we need ap =0 and —>0andv>0.

dv dv

dP, _(_ 250 000 +2Vj ]

dv v2

2
dPy :(500 000_|_2jd

dv? v

250 000 _

> 2v =v=50

dﬁ =0, then
dv v

If

The speed at which the train should travel to minimise the use of electricity

between stations is 50 km/hr.

y = 1.4+ x—0.04x°

L =1-0.008x

dx

d2y i . . .

d—z =-0.008 <0 soany turning point will be a maximum.
X

Turning pointat Yy =0
dx

i.e. at x=125

y=63.9

The greatest height reached by the ball is 63.9 m.
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14 a p=

a1 2t(1+t2)2—2(1+t2)2t><t2
dt 5 (1+t2)4
. 2t(1+t2)(1+t2 —2t2)
5(1+t2)4
_m@4ﬂ
5(1+t2)3
dp

If —=0, t=0, +1
dt

Testt fort>0

X 0.5 1 2

Maximumatx=1,ie.p= 1
20
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b t = ? when increasing most rapidly.

Want maximum %

g 2t(1-t°)
dt 5(1+t2)3
Maximum r when ﬂ:O

dt
[1><(1—t2)+(—2t)t}(1+t2)3—3(1+t2)2 2txt(1-t2)

(1+t2)6

= - x{[(l—tz)—th}(lﬂz)—Gtz(1—t2)}

I x[(l—stz)(utz)—atz +6t4}

=r

:5(1+t2)4 x(1—8t2+3t4)

i 2(1—8t2 +3t4)
s
dr

If " 0, t2 =0.131 482 9082 or t% = 2.535

butO<t<landt>0, t:\/0.131 482 9082 =0.363months (or10 or 11 days)
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15

0.4

—~ | x

T = Tswimming * Trunning

. _ distance
time = -
velocity
2 2
T:\/0.4 + X +l—x
4 12
2
Minimum time T when d—T:O and d—-|2->0
dx dx
1
a _1 3(0.42+x2)7E (2X) L
dx 4|2 12
_A[Lj_i
4 2J0.42 +x* ) 12
When d—T: X L

w12
3x=+/0.4" + x?
0.4° + x> =9x*
8x*> =0.16
x>0
x=0.14142
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x 0 0.14142 1

%8
I
+

\/

Concave up so minimum at x = 0.14142

0.14142

tan (0) = = 0 = 19.5° = The angle he should make with the beach is 70.5°.
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Reasoning and communication

1

2x +y =2000

A =xy =x(2000 — 2x)

=2000x — 2x?
2
Maximum A when d—A=0 and d_f\<0
dx dx
OI—A=2000—4x
dx
dy __
dx?
At ﬂ:o, x =500
dx

2

At x =500, 3 2’ <0 so maximum area at (500, 1000).
X

The maximum possible area is 500 000 m? and dimensions of the paddock

are 500 m x 1000 m.
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h =30 + /900 — r?
(h —30)? =900 — r?
r> = 900 — (h — 30)?
r’ = 900 — h®+ 60h — 900

r? =—h*+ 60h

1

(=h?+ 60h)h

Wl

Veone = %n (60N2 = h?)

© Cengage Learning Australia 2014 ISBN 9780170254663

900 - r?

=

89



Maximum volume of cone when d—V =0 and dhz\g <0

d—V:£(120h—3h2)
dh 3

av
dh?

At _o, 120n=3n°
dh

T

h=0,40 h=0

h =40, cé;\i <0 so maximum volume

At h =40, r> = -h?*+ 60h = r = /800

Vv énrzh
Vsphere ﬂnr3
3
_h
ar
B 40
4x+/800
=1:2J2~1:2.83
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i

et

2X+y=24=y=24-2X

Maximum volume when cross-section of the end is maximised.

A= Xy = X(24 - 2x) = 24x - 2x°

2
Maximum A when d—A=0 and d ',f‘<0
dx X
OI—A=24—4x
dx
2
d ,20\:_4
dx
At d—Azo, X=6
dx

d2A .
At X=6, F<O SO maximum area
X

The dimensions of the cross-section of the guttering if it is to hold the maximum volume

of water are 6 x 12 cm (d x w).
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h
X
500 = x*h
M:x2+4hx,buth:@
X
M =2 + 2000
X
2
Minimum M when d_M:O and d—l\z/l>0
X dx
dM 2000
— = 2X
dx X
2
dd—l\z/l:2+&?o>0forx>0
X X
At %—M=0, x> =1000 = x =10
X

2

At x=10, dd—'\2/|>0 SO minimum M
X

500=x*h=h=5
For the least amount of material to be used, the square base must be 10 cm x 10 cm

and the height must be 5 cm.
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o

h
x &
36 = xh’
Let M = 2h? + 3hx, but x = f}—?
M=2n? + 108
h
2
MinimumM when d—Mzo and d—'\2/|>0
dx dx
M _,, 108
dx h
2
d I\Z/l :4+2136>Oforh>0
dx h
At d—M=0, 4h*=108 = h=3
dx
2
At h=3, d I\Z/I >0 so minimum M
X
108 108

M=2h*+ == =2x(3)*+ — =54
h 3

Minimum M is 54 m?.
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Vzénrzh and 9% =r?+h?

1 2
==—n(81-h)h
3n( )
3
_27nh -7
3
2
MaximumV when d—V=0 and d—V>0
dr dr2
N 7 h2n
dr
2
d—\Z/:—2h<0forh >0
dr

At ‘Z—V=o, h? =27 = h=5.196
r

2

At h=5.196, z—\2/<0 S0 maximum V
r

The height of the cone that will have the greatest volume is 5.2 cm.
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10 10-2

16 - 2x

16

Vhox = X(10 — 2x)(16 — 2x), x = ? for max V

V = 4[x(5 - X)(8 — X)] = 4(40x — 13x* + x°)

2
Maximum volume when OI—V:O and d—V<0
dx dx2

v
dx
2
d_\2/ =-104+24x
dx

At ‘i—vzo, 160-104x+12x2 =0
X

=160 -104x +12x2

3x2 —26X+40=0 = x=2 or x:z—; but because one side is10 cm, 0<x<5

2

At h=2, — < 0 so maximum volume
dx

Size of squareis2cm x 2cm
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i1 ]

Let the angle of turndown be 6 and the remaining part ¢ as shown on the diagram.
Clearly 0° < 6 <45°

Then ¢ +26 =90°, s0 ¢ =90° - 26

Let c be the length of the crease and x be the length of paper turned from the top.

x 6 6 N
cos(0) cos(0)cos(h) cos(0)cos(90°—20) cos(0)sin (20)

Thenc =

Now dc _ 0-6[—sin(6)xsin (26) + cos (0) x 2cos (26)]
[cos (0) sin (26)]?

_ —6[cos (0) cos (20) +cos () cos (26) —sin (0) sin (26)]
cos?(0)sin’(26)

_ —6[cos (0) cos (20) +cos (30)]
cos?(0)sin’(26)

% = 0 when cos (0) cos (26) + cos (36) =0

Solving on a CAS calculator in the domain 0° < 0 < 45° gives 0 = 35.264...°
& d
do

c(35.264...°) =7.794..., so the minimum length of the crease is about 7.79 cm.
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ah

Perimeter =12 m
P =0.5(2nr) + 2h + 2r
12 =nr+2h+2r = h=0.5(12 - nr - 2r)
A =0.5rr + 2rh
= 0.57r* + 2r[0.5(12 — =r — 2r)]

=0.5rr% + 12r — r? — 2r?

2
Maximum area when d—A:O and d—f‘<0
dr dr
d—A:nr+12—2nr—4r:12—nr—4r
dr
2
d f\z—n—4
dr
At 3—A=0, r(r+4)=12 = r=168
r

At r=1.68, h=1.68

Dimensions are 1.68 m high and 3.36 m wide.
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Vcone:%rzh OM=h-2=4=r*+(h-2)?

Veone = g [4-(h- 2)2]h

= X (4-n+4h-4)h
3
s 2 3
=—(4h“-h
3( )
2
Maximum volume of cone when —V:O and d—V<O
dh dh?
d_V:E(gh_g,hZ)
dh 3
2
d_V:E(g_Gh)
dh® 3

At%%=o,8h=m¥ WHhh¢Qh:2§w267

2

At h =2.67, (;T\z/ <0 so maximum volume

r=72 r2=4-(h-2) r= ﬁfzf%gzlsgm

The dimensions of the cone of greatest volume that can just fit inside a sphere of

42

radius2 mare r = Tz1.89m and h= 2§z2.67m.
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11 Perimeter =6 m
P =0.5(2rr) + 2h + 2r
6=nr+2h+2r=h=0.56-nr-2r)
A=0.5nr"+2rh
= 0.5 nr? + 2r[0.5(6 — =r — 2r)]
2

=0.5nr? +6r —nr’ - 2r

=—0.5nr’ + 6r — 2r°

2
Maximum area when Ol—A:O and M<O
dr dr2
—=-nr+6-4r
dr
2
d—2A=—R—4
dr
At d—A:O, r(rc+4):6 = r=
dr n+4

A=— 05rr2+6r-2r2

2 2
A=—0.5n( 6 J +6x 6 —2( 6 j
n+4 n+4 n+4

2
A=—o.5n(i] +6x 6(“4)—2( 6
n+4 (n+4)2 n+4

 —18n+36n+144-72
B (n+4)?
_18n+72
- (TE+4)2
_18(n+4)
(n+4)?
18 m2
n+4

A=
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12

h+x<30 Use 30 for maximum volume.
V = x°h, but h = 30 - x
V =x4(30 - X)

=30x° - x°

2
Maximum volume when d_V =0 and d_V <0
dx dx2
IV _ ox—3x2
dx
dv
dx?
Atd—V:O, 60X —3x% =0
dx
3x(20-x)=0 = x=0 or x=20
dav .
At x =20, d—2 <0 so maximum volume
X

Max V is 4000 cm?.

—6X
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13 h+C<150cm

h + 2nr <150 cm

Max volume = ?
V=nr
V = nr?(150 — 2nr)

=150nr? - 21°r®

2
Maximum volume when OI—V:O and OI—V<O
dr dr2
d—\:=300nr— 6rnr?
2
v \2/ =300r-12n°r
dr
At ‘Z—Vzo, 300mr = 6m%r2  (r #0)
r
0= = r:@
T
2
At r:5—0, d—\Z/:3007r—12n2 (@}O S0 maximum volume
T dr T
h =150-2nr
=150 —Zﬂ(@j
T
=50

The dimensions of the cylinder with the largest volume are h =50 cmand r = >0 cm.
T
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14 C = x? + 4xh + 2x% and x°h = 324

C:3x2+4xxg
X

_32 4 1296
X

Want minimum cost C

2
Minimum cost when d—C:O and d’c >0

dx dx?

dC 1296
— =6X——;
dx X
d’C 2592

2 6+ 3
dx X
A €€ o, 6x-12%8

dx X

x* =216
X=6

2
At X=6, F>0 S0 minimum volume
X

_324_

X2

h 9

For minimum volume, the dimensions are square base of side 6 m and height of 9 m.
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15

V = x(2p - 2x)(3p — 2x), where length of cardboard = 3p

= 4x% - 10x%p + 6xp* Can do for the general case and then substitute values of p.
dV - 2 2 _ 2 2
ril 12x° — 20xp + 6p° = 2(6x° — 10xp + 3p°)

X

2 2
@V o gor = 10PE100p® —4x6x3p
dx 12
_ 10p+4/100p® -72p?
12

_ 10p£ pv28 _ 2p(5£+7) _ p(5£4/7)

12 12 6
But 2p — 2x > 0, so only x :p(%\ﬁ) is possible.
dz\g = 24x — 20p and for x = p(S;ﬁ) , ?;\g =24 x p(%\/?) —20p
X X
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Now 24 x ;)(5%\/7) —20p = p(20 — 4+/7 ) — 20p < 0 so there is @ maximum
at p(%\/ﬂ

The dimensions are 3p — 2x, 2p — 2x and x.

a For length 20 cm, these are 14.77 cm x 8.10 cm x 2.62 cm
b For length 30 cm, these are 22.15 cm x 12.15 cm x 3.92 cm
c For length 50 cm, these are 36.92 cm x 20.25 cm x 6.54 cm
Or doing individually:

a 3p:20:>2p:4—;

2
V = x(4—:§)— 2xj(20 _ 2x)=@—40x2—8ox 4
Maximum volume when d—V:O and dz\z/ <0
dx dx

AV _800_gox 200X, 1o
dx 3 3
dz\i _ 80160, 54y
dx 3
ar Vo_g 800 g5 160X o0

dx 3 3

800-400x+36x> =0 = x=2.62cm, 8.50 toobig

At x=2.62, g <0 so maximum volume
3p=20 Length of box is 14.77cm

2p :4—3O=13.33 Width of tray is 8.10cm
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b 3p=30=2p=20

V =x(30-2x)(20-2x) =600x —100x* + 4x’
da

X2

<0

Maximum volume when (jj—v =0 and
X

av =600—200x +12x>
dx

da

dx?

At C(jj_V:O’ 600 —200x +12x> =0
X

Xx=3.92cm

=-200+24x

At x=3.92, 3—2\2/ <0 so maximum volume
X

3p=30 Length of tray is 22.15 cm
2p =20 Width of trayis 12.15 cm

c 3p:50:>2p:%

V = x(50- 2x)(% - 2xj= SOZOX—%xz—moXZMxS

Maximum volume when OI—V:O and dz\z/ <0
dx dx

d—v=@—4—00x—200x+12x2

dx 3 3

d2\2/ :—@—200+24x

dx 3

At d—Vzo, @—@x—200x+12x2:0
dx 3 3

X=6.54cm

At x=6.54, 3—2\2/ <0 so maximum volume
X

3p=50 Length of tray is 36.92 cm
2p =33.33 Widthof tray is 20.25 cm
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Reasoning and communication

3
1 C(x)=2000—75x—5x2+x?

Costs are minimised when C’(x) = 0 and C"(x) > 0.

C/(x) = =75 — 10X + X?

C"(x) =-10 + 2x

If C'(x) = 0, then =75 — 10x + xX* =0 = (x — 15)(x + 5) = 0
Xx>0s0ox=15

C"(15) =-10 + 30 > 0 so minimum.

For minimum cost, the production level is 15 tonnes of silver.

2 Let x be the number of machines used.
2 3
N = x| 30— |=30x—
10 10

Maximum production when N'(x) = 0 and N"(x) <O.

3x2
N'(x)=30-——
(X) 10

N”(x):—%<0 for x>0
10
2
At N'(x)=0, 30=
10

x=10
At x=10, N"(x) <0 so maximum production.

Ten additional machines, so 11 machines should be used to achieve

the maximum production.
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3 a P(x) = 4x — (50 + 1.3x + 0.001x%)
=-0.001x* + 2.7x - 50

b Maximum profit when P’(x) = 0 and P"(x) < 0.

P'(x) =—0.002x% +2.7
P"(x) =-0.004x < 0 for x>0

At P'(x)=0, 0.002x>=2.7
x =1350
At x=1350, P"(x) <0 so maximum profit.

Produce 1350 items for maximum profit.
4 a R(x) = (5 - 0.001x)x
= 5x - 0.001x°
Maximum revenue when R'(x) =0 and R"(x) < 0.

R'(x) =5-0.002x
R"(x)=-0.002<0
At R'(x)=0, 0.002x=5 = x=2500
x = 2500
At x=2500,R"(x) <0 so maximum revenue.

b P(x) = (5-0.001x)x — (2800 + x)
= 4x - 0.001x° — 2800
Maximum profit when P’(x) = 0 and P"(x) < 0.

P'(x) =4-0.002x
P"(x) =-0.002<0
At P'(x)=0, 0.002x> =4
x = 2000
At x=2000, P"(x) <0 so maximum profit.
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5 a C(x) = 4000 — 3x + 10732

Minimum cost when C'(x) = 0 and C"'(x) > 0.

C'(x) =-3+0.002x
C"(x)=0.002>0
At C'(x)=0, 0.002x=3
x=1500
At x =1500, C"(x) > 0 so minimum cost.

b P(X) = 4x — (4000 — 3x + 107°x%)
= 7x - 0.001x° — 4000
Maximum profit when P’(x) = 0 and P"(x) < 0.

P'(x) =7-0.002x
P"(x)=-0.002<0
At P'(x)=0, 0.002x=7
x =3500
At x =3500, P"(x) <0 so maximum profit.

Maximum profit is $8250.
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6 P(x) = (d)x—(600+10x+%x2) where x = 600 - 3d
X 1,
P(x) Z(ZOO—EJX—(600+10X+EX j
2
:—5%+19Ox—600

Maximum profit when P’(x) = 0 and P"(x) < 0.

P’(x):—5—x+190
3
5
P"(x)=—=<0
(X) 3
5x

AtP'(x)=0, —==190

x=114
At x=114, P"(x) <0 so maximum profit.

To maximise profits, he should sell 114 clock radios at $162.
7 a C(x)= 40000 —30x +107x?
Minimum cost when C'(x) =0 and C"(x) > 0.

C'(x) =-30+1072x 2x

C"(x)=10"x2
AtC'(x)=0, 15=107x
X =1500

At x=1500, C"(x) >0 so minimum cost.
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8

b

P(x) = 40x — (40 000 — 30x +0.01x?)
= -0.01x* + 70x — 40 000
Maximum profit when P’(x) = 0 and P"(x) < 0.

P'(x) =-0.02x+ 70

P"(x)=-0.02<0

At P'(x)=0, x=3500

At x = 3500, P"(x) <0 so maximum profit.

Maximum profit is $82 500.

3

C(x) = 100 + 28x — 5x* + X? p = 5000 — 5x per roll of carpet

b

3
TC(x) =100-5x? +X?+250x

R(x) = (5000 - 5x)x

P(x) = R(x) = TC(x)

3
P(x)= (5000—5x)x—(100+5x2 +X?+ 250xj

3

:—X?+4750x—100

3

P(x):—%+4750x—100

Maximum profit when P’(x) =0 and P"(x) <0.
P'(X) = —x* + 4750

P"(x) =-2x

AtP'(x)=0, x=69.12

At x=69, P"(x)<0 somaximum profit.
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10

5000

L(X) :—m—Son
, 5000

L'() o -80
, 5000
L) :_(n+1)3

Minimum loss when L'(x) =0 and L"(x) > 0.
5000

(n +l)2

(n +l)2 =625 =>n=6.9

L"(x) >0 so minimum.

=80

n=7
C(v) = F(v) + D(v)

3 1.5x10°

C(v) = 2v2+59+ ———+2000

1.5x10°

V2

vy 3 15x10°
C(X)_2W+ Ve

Minimum cost when C'(x) =0 and C"(x) > 0.

5
3\/V:1.5><10

V2

v=75.79
C"(x) >0 so minimum.

1
C'(x) =3v? -

>0 forv>0

C(75.79) = 5357.66 cents

Cost is $53.58.
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Reasoning and communication

1 h =40t -5t>+ 4

2
Maximum height h when %: 0 and d—?< 0.
dt dt
ﬁ=40—10t
dt
At%:o,t:4 max or min?
d2h . B
F=—10<Oso maximum att = 4
Att =4 h=84

The projectile reaches 84 m in height.

2 X=2+3t-t

X _3 o
dt
d?x
—2__2
dt?

. . dx d?x
Maximum displacement when E:O and when F<O'

t=1.5

x=4.25cm
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3 x = 15t — 3t

%=15—6t
dt

d?x
—2__6
dt?

. . dx d?x
Maximum displacement when E:O and when F<O'

t=25
x=18.75m
The ball will go 18.75 m up the slope before it starts to roll back down.

4 h = —4t% + 4t + 10

. . dh d’h
Maximum height when EZO and when F<O'

ah_ —8t+4
dt
dn _
dt?

At ﬁ=0, t=0.5
dt

2
At t=0.5, %< 0 so maximum height.

h=11

The maximum height she attains is 11 m.
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5 h=8-8t>+ 32t

2
Maximum height when %:0 and when d—?<O.

ﬁ:—16t+32
dt

2
h_ g
dt
At ﬂ:0, t=2

dt
d2h . .
Att=2, d_2 < 0 so maximum height.
t

h =40

The maximum height reached by the rocket is 40 m.
6 y = -5t + 8t + 35

. . dh d’h
Maximum height when EZO and when F<O'

ay =-10t+8
dt

2
d—zy - 10
dt

Atﬂ:O, t=0.8
dt

2

At t=0.38, ((jj—zy < 0 so maximum height.
t

y=238.2

The maximum height it reaches is 38.2 m.
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7 P=-22T°+52T%—176T + 382

2
Maximum population when ap =0 and d_F; <0.
dT dT

2
Minimum population when d—P:O and d—IZ>O.
dT dT

d—=—8T2+ 104T -176
aT
2
d—F;:—16T +104
dT
At d—on, —8T2%+ 104T -176=0
dT
T?2-13T +22=0
(T-1)(T-2)=0
T=11o0orT=2

2
At T =11, ZT_IZ < 0 so maximum population of P =1189.

2
At T =2, le'l'_s > 0 so minimum population of P=217.

1200
1000 //_\

200 \¥/

3 10 15 T

The diagram shows that the maximum and minimum populations do not occur at the end

points.
The minimum population is 217 and occurs at a temperature of 2°C.

The maximum population is 1189 and occurs at a temperature of 11°C.
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Number of trees | Number of kg Yield

75 7 525

75-1 7+02 (75-1)7+0.2)
75-2 7 +(0.2)2 (75-2)7 + 2(0.2))
T5—x 7 +(0.2) (75 —x)7 +x(0.2))

Y =(75-x)(7 +0.2x)
=525+ 8x—0.2x°

2
MaximumY when CI—Y:O andd—Z<0.
dx dx

OI—\(:8—0.4x
dx

2
d—Z:—O.4<Oforx>O
dx
Atd—Y=O, x=20

dx

2
3—1:—2<0 so maximum yield.

X

The farmer should plant 55 (75 — 20) trees per hectare to maximise the total yield.
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_ distance
velocity

9 T=Twow+ Trun, time

13km
Miarina

10 km |

EBoat

J100+x® 18-Xx
= +

T
6 8
2
Minimum time T when d—T:O and d 12- > 0.
dx dx
dT 1|1 L 1
— == =(100+x*) 2(2X) [-=
-3 S0 2|3

ar _1f  Zx |1
dx 6| 7y100+x2 ) 8

dT X 1
When —=0,——— ==
dx 64100+ x> 8
4x = 3100 + x?

900 +9x* =16x*

7%x% =900
x>0
x=11.34
x 0 11 12
d _ 0 ;
dt \_/

Concave up so minimum at x = 11.34

He should land 11.34 km towards the marina to get there in minimum time.
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10

25+ x
X 5-xlkm
5 km
T = Ttrack+ Troad time= distance
velocity
2
T2 25+ X +5—x
3 5
2
Minimum time T when d—T d’T
dx?
LI 25 x? (2x)
dx 3 2
3 2\/25+x
dT X 1
When — =
dx 3\/25+ X2 5
5X = 325+ X?
225+ 9x% = 25x2
16x% = 225
x>0
X =3.75km
x 0 3.75 4
daT
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Concave up so minimum at x = 3.75 km.

He should run down the very windy track until he reaches the point that is closest to the
road, then head across country at an angle of 36.9°, from the perpendicular, and then he
can cross-country for 3.75 km, reach the road and run the rest.

The shortest possible time is T = 2.33 i.e. two hours 20 minutes.
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Multiple choice

1 C
2 B
3 A

Lety:\/;:X%
dy_1.5_ 1
dx 2 2%
dy 1 1
Let x = 144, then — = .
dx 24144 24
ox =3
dy
dy & ——x OX
y dx
24
_1
8

V147 = 12+ %: 12% =12.125

y =3 cos (4x)

dy .
—=-12 4

» sin(4x)
d2y

—— =—48cos(4x
2 (4x)

Gradient is negative and f"(-1) < 0 so concave downwards.
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C

© Cengage Learning Australia 2014

Let x and y be the two numbers. x —y = 24

Let R =xy + x +y. Want minimum R.
R=x(x-24)+x+x-24

= Xx°—22x - 24

2
Minimum R when d—R: 0 andd—R< 0.
dx dx?

d_R= 2X—22

dx

dx? -
drR

At —=0, x=11
dx

2
d_2R:2>O SO minimum.
dx
x =11y =?

X —-y=24= y=-13

2

The two numbers are 11 and —13.
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D Let x and y be the sides of the rectangle. 2x + 2y = 80.

A =xy

A = x(40 — x) = 40x — X*

dA

Maximum Awhen d—A:O and 5 <0.
d dx

X

d—A =40-2X
dx

d2A

dx?

Atd—A:O, x=20
dx

=2

d?A
dx?
x =20,y =?

X+y=40= y =20

© Cengage Learning Australia 2014
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Short answer

6 a Estimate 33%*
Let y= X

dy_2,5__2

dx 5 55 X3

2 1

Let x = 32, then dy= 2 = =
dx 53322 5x2° 20

33~ 4 + 1. 4.05
20

b Estimate 31.7%

ox =-0.3

33 x4 - 3 - 4 -0.015

33 ~3.985
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3
V= amr and ﬂ =0.04cm/sec
3 dt

v = 4nr? ar
dt dt
At r=6cm
dv

e 4mx6%(0.04) =18.096 cm’/sec

a | L=1000cm®

height : diameter = 1.6 : 1 = h =1.6(2r)
h=3.2r
nr’h = 60 000 = ntr’(3.2r) = 60 000

= 60000
3.27

r=18.14cm, h=3.2r= h=58.05cm

b V = nr’x

d—V:ﬂ:rZXl:TCrZ

dx

Y zd—VXSh

dx
OV L 100% = nir? x = x 5xx100%
vV \Y
=7r? x ——x 3xx100%
nrex
X

.. The approximate percentage error in volume is x%.
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d—V:2nx%xX:nr2

dy
oV = d—vx oy
dy

OV 100% = 7x Y x xixsyxloO%
Y; 27V

XX )(x x 8d x100%

2 100%
y

". The approximate percentage error in volume is 2y%.

d v:n(l 023yj 1.03x

2
V= n(%) xx1.03% =V x1.09

Increase of 9%, so 9% error in volume.
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a y =5x°=3x% +x + 10
Y _ 30 —6x+1
dx

— 2 _150x% -6

b f(t) = (2t + 9)*

f/(t)=4(2t+9)°x2
~8(2t+9)°

£7(t) = 24(2t+9)% x2
— 48(2t+9)°

c f(n) = (3n = 1)%(2n + 4)

2(3n—1)x3x(2n+4)+2(3n- 1)
2(3n-1)(6n+12+3n-1)
=2(3n-1)(9n+11)
)=2[3(9n+11)+9(3n-1) |
=2(54n+24)=4(27n+12)

t'(n)

6x-9
3x-1

d y=

dy  6(3x-1)-3(6x-9)
d  (3x-1)
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10 a x=t3-12t% + 36t-9cm

v = 3t2 — 24t + 36 cm/s

b a = 6t — 24 cm/s?
c a=-12 cm/s?

11 y=23-7-3x+1

L = 6x° —14x-3
dx
2
d—;’ —12x-14
dx

2

Concave upwards for d_g/

dx

12x-14>0

X>—=

12 f(x) = 4x’
f'(x) = 28x°
f(x) = 168x°

If f"(x) =0, thenx = 0.

>0.

X -1

') —

For x < 0, concave downwards; for x > 0, concave upwards.

Yes, the function has a point of inflection at (0, 0).
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13 y=x*+4x°-48¢% +1

Y _ 43 12%2 _ 96x
dx

2
d—g’ —12x% +24x —96
dx

2
Points of inflection occur where d_zy =0.

dx
0=12(x*+ 2x - 8)
0=(xx+4)(x-2)
X=-4orx=2
Points of inflection are (-4, —=767), (2, -143).

14 a y = 3x% - 6x +3

dy =6X—-6
dx
d2y
—5 =6>0 forall values of x
dx
. . dy .
Stationary point where poin 0ie (40
X
d2y
d_2> 0 soconcave up. Minimum turning point.
X

b f(x) = 5x — X°

f'(x) =5-2x
f"(x)=-2<0 for all values of x

Stationary point where % =0 i.e. (2.5, 6.25).
X

dy
dx?

© Cengage Learning Australia 2014 ISBN 9780170254663

<0 so concave down. Maximum turning point.

128



c f(x) = 3x* =43 —12x* + 7

f'(x) =12x° —12x° — 24x
f"(X) = 6x° — 24x 24

Stationary point where % =0
X

12x(x2—x—2):0

X(x—2)(x+1) =0

x=0,2,-1

Atx =2, f"(x)>0 so concave up. Minimum turning point at (2,— 25).
Atx =0, f"(x) <0 so concave down. Maximum turning point at (0, 7).
Atx = -1, f"(x) >0 so concave up. Minimum turning point at (-1, 2).

d y=(2x-1)*

f'(x) =4(2x-1)*x2 =8(2x-1)*
f"(x) = 48(2x —1)?
Stationary point where f'(x) = 0.

8(2x-1)°%=0
1

X=—
2

Atx = % f"”(x) >0 so concave up. Minimum turning point at 6 Oj.

As the power of the x is even, there is no point of inflection.
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15  y=2°-1

Y _gx2
dx

2
d_g/ =12x
dx

. . dy .
Stationary point where FVin 0, i.e. (0,-1).
X

Check

2
d—Z =0 atx=0
dx

So stationary point of inflection, not a turning point.

2
16 a aP >0and d E <0
dt dt
b The number of possums is increasing, but at a decreasing rate.
c The rate of population growth is decreasing.

17 a y=4x2-9x+5

v =8x-9
dx
d?y - . .
o 8> 0, so minimum turning point.
Stationary point where % =0, i.e. (1.125, 0).
X
VA
5% |
L
- ‘-1 R
: X

1%
Y “g: - E)
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b f(x) = 2x% — 6x

f'(x) =6x*—6
f"(x) =12x

Stationary points where v
X
f"(1) >0, sominimum turning point.
f"(-1) <0, somaximum turning point.
Point of inflection at f "(x) =0, i.e. at (0, 0).

Y _0.ie. (L-4),(-1,4).

| h(x) & |
(_]- ’ 4). .'II
T
'II ( ]-: _4)
Y

c f(x) = 2% - 12%°

f'(x) = 6x* — 24x

f"(x)=12x—-24
Stationary points where f'(x) =0, i.e. (0,0), (4,—64).

f"'(4) > 0, sominimum turning point.
f"'(0) < 0, somaximum turning point.
Point of inflection at f "(x) =0, i.e. at (2,—32).

YA ,
= 6 x
t
T (4,—-64)

131
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d f(X) =X = 2% +x =2

f'(x) =3x% —4x+1
f"(x)=6x—-4

Stationary points where f'(x) = 0.
3x?—4x+1=0

3x-1)(x-1) =0

e (1, —2),(1,—1.85]
3
f"(2) > 0, sominimum turning point.

f ”(%j < 0, so maximum turning point.

Point of inflection at f "(x) =0, i.e. at (%,—1.93}

flx) A
1 23 |
- M V ——
: ;20X
_o e/
1 (1,-2)
Y
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e f(x) =3¢ - x2 - 7x -3

f'(x)=9x* —2x-7
f"(x)=18x-2
Stationary points where f'(x) =0.
9x*> —2x-7=0
Ox+7)(x-1)=0
i.e. (-0.8,0.4),(1-8)
f"(2) > 0, sominimum turning point.
f"(-0.8) <0, so maximum turning point.
Point of inflection at f"(x) =0, i.e. at (0.7,-5.7).

h(x) A

(E 1044 | —0.54 |

9 2437 |/ -
r

i

[ 187

31

' .. "\. (1_—, —8)
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18 Let S=3x+yand xy =48.

S:3x+4—8
X

d*s

Minimum S when d—S:O and—-<0.
d dx

X
ds_, 48
dx X
d*sS 48
:2)(—
dx® x*
Atd—S:O, 3:4—§
dx X
X=4
2
d §:2>0 so minimum.
dx
X=4,y=?
y=12
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Application

19
Number of trees | Number of fruit | Total output
20 240 4800
20 +1 240-10 (20 + 1)(240 —10)=4378
20+2 240-2 =10 (204 2)(240 — 2 =« 10) = 3960
20 +x 240-x = 10 (20 + x)(240 —x = 10)

Total ouput = (20 + x)(240 — 10x)

Let T = 10(20 + x)(24 — x) = 10(480 + 4x — x°)

Maximum output when T'(x) =0 and T"(x) <0.

T'(x) =10(4 —2x)
T"(x)=-20

At T'(x)=0, x=2
At x=2, T"(x) <0, so maximum output.

X=2
Add 2 trees.
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20 a

12t

10 —16t

Distance apart

d? = (12t)* + (10 - 16t)°

d 2 = 144t° + 100 — 320t + 256t
d 2 = 400t*— 320t + 100

Minimum distance apart when d 2 is a minimum.

2
ﬂ =800t —320
dt
2
Atﬂ =0, t= @ =0.4= 24 minutes after 8 a.m.
dt 800

Using the sign test

&R
+

Therefore minimum at t = 0.4 h. Closest at 8.24 a.m.

b d? = 400t* +240t + 100
d=6km

Minimum distance apart is 6 km.
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21

2x +y = 640

A =xy = x(640 — 2x)

A = 640X — 2x°2
2
Maximum A when d—A =0 and d—A <0.
dx dx?

d_A= 640—4x
dx

2
d_ZY _ 2
dx
At ﬂ =0, x=160

dx
d2y
At x =160, d_2 < 0,50 maximum area at (160, 320).
X

The dimensions of the maximum block are 160 m x 320 m.
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22 xy = 128

=

]

,

=

2 2
d? = y*+ (KJ or d? = x*+ (Xj .
2 2

Since it is symmetrical, it doesn’t matter which is chosen.

o (5

16384 X2
d= —+—
X 4
2
Minimum distance when ﬁ =0 and M >0.
dx dx?

dd 1(16384 XZJ 2 ( 16384 xj
— == ——+—| x| -2x +—

dx 2| x? 4 XX 2
16384 x
/(16384 XZ]
2 T,
X 4
Atﬂ=o, 16384 _ x
dx X3 4
X=16
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Using the sign test

B &
+

Therefore minimum at x =16, y =8
23 V=x%=64000cm’

64000
X2

SA = 2x% + 4xy, but y =

SA = 2x? +4x(64000J

2
256000

X

= 2X% +

2
Minimum SA when dS—A:O and d7SA

> 0.
dx dx2

dSA 256 000
=4x—
dx x2

2
d SA=4+2X256 000

dx? X3
AtdS—A:O, 4)(:256 000
dx X2

2
At x =40, dd—SZA >0, so minimum surface area.
X

SA = 9600 cm?

= Xx=40
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24 P(n) =R(n) - C(n)

P(n) =50n—(n2 —6n+35)n

=50n-n° +6n2 —35n

= —n3 + 6n2 +15n

Maximum profit when P’'(n) =0 and P"(n) <O0.
P'(n) =-3n% +12n+15

P"(n)=-6n+12

AtP'(n)=0, —3n%+12n+15=0 => n®> —4n—-5=0
(n=5)(n+1) =0

n>0; son=5

At n=5, P"(n)<0,s0 maximum profit.

25  C(x) = 0.005x* — 2" + 250
a P(x) = R(x) - C(x)
P(x) = dx — C(x)

P(x)= x(300—§j—(0.005x2 — 2+ 250)

2
_ 300x—"7—0.005x2 +2X— 250

— _0.505x2 +302x — 250

Maximum profit when P’(x) =0 and P"(x) <0.
P’(x) =-1.01x + 302

P"(x)=-1.01

AtP'(x)=0, x=299

At x =299, P"(x) <0, so maximum profit.

For maximum profit, make 299 bears.
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26

27

b d= 300—% = $150.50

c P(x) = —0.505x? + 302x — 250
P(299) = $44 900.50
h=-3t°+6t+1andd =2t

Maximum height when h'(t) =0 and h"(t) <0.
h'(t)=-6t+6

h"(t) =-6

At h'(t)=0, t=1

Att=1 h"(t) <0, so maximum height.
Att=1,x=4m

Maximum height is 4 m.

P— _%tS +16.5t2 + 70t + 5000

Maximum population when P’(t) =0 and P"(t) <O0.
P'(t) =-t% +33t+70

P"(t)=-2t+33

AtP'(t)=0, t=-2 or t =35 butt>0

At t =35, P"(t) <0, so maximum population.

Temperature that results in maximum population is 35°C.
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